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 I. Idealized Partonic Matter (1st lecture) 

II. Modeling Heavy Ion Collisions and connecting QGP  
properties to experiment (2nd and 3rd lectures) 

III. Quantifying our knowledge of the QGP (3rd lecture) 



Kinematics

Vocabulary:
   centrality

rapidity, y
pseudo-rapidity, η
spatial-rapidity, ηs
proper time, 𝞽
transverse momentum, pt



Kinematics — Centrality

b

bmax = 2R
%centrality = πb2

πbmax
2

=%of eventswithhighermultiplicity

Can extract impact parameter



Kinematics (Rapidity)

measure of longitudinal (along beam) velocity

y = 1
2
ln1+ vz
1− vz

sinh y = γ zvz
cosh y = γ z

tanh y = v

u'z = γ uz + γ vzu0
γ = cosh y1, γ vz = sinh y1
u0 = cosh y2, uz = sinh y2
u 'z = cosh y1 sinh y2 + sinh y1 cosh y2 = sinh(y1 + y2 )

rapidities add for longitudinal boosts

For small v
y ≈ vz



Kinematics (Rapidity)

AT RHIC (Au) / LHC (Pb)

ybeam = 5.37 / 8.69

Used to express spectra

EpdN
d 3p

= dN
2π ptdptdy



Kinematics (Pseudorapidity)

Simply a measure of polar angle

η = 1
2
ln1+ cosθ
1− cosθ

= tanh−1(sinθ )

For m=0, η=y
Edy = pdη
dN
dη

= dN
dy

p
E

Phobos, 2001



Kinematics (Pseudorapidity)

η=0
η=1η=-1 40.4 deg.



Bjorken (PRC ’83) Hydro
Let matter “coast” from z=t=0

z = vzt, vz = z / t

Coasting expected if boost invariant,
ηs refers to rapidity of local matter 

ηs = y = tanh
−1(vz )

= tanh−1(z / t)

𝞽 measured by observer starting at origin

τ = t
γ
= t 1− z2 / t 2 = t 2 − z2

Kinematics (Bjorken expansion, ηs and 𝞽)



Kinematics (ηs and 𝞽)

t = τ cosh(ηs )
z = τ sinh(ηs )

If boost-invariant
 physics would depend only on 𝞽
 independent of ηs 
 s ~ 1/𝞽

Bjorken estimate of energy density at time 𝞽

ε ≈1.5 × dEt / dy
πR2τ

SPS ~ 4 GeV/fm3

RHIC ~ 7 GeV/fm3

LHC ~ 15 GeV/fm3
At 𝞽=1.0 fm/c



Energy Densities..
LHC

RHIC
SPSProtohadrons

C
hiral Transition

Time above Tc (175 MeV)
SPS: ~ 2.5 fm/c
RHIC: ~ 5 fm/c
LHC: ~ 8 fm/c

Collisions last ~ 15-25 fm/c



Kinematics (ηs and 𝞽)

Exercise 4: Consider a particle of momentum p, at z=0 at time 
t0=𝞽0. The particle moves without scattering until it is at new 
position where the new proper time is 𝞽’. 

Find the momenta, p’x,p’y,p’z as determined by an observer 
moving with the rest frame of the fluid at the new position. 
Give answer in terms of px,py,pz and 𝞽’/𝞽0. 



Linking matter properties to measurement

Properties to discuss:
0.   Did the matter equilibrate?
1.  Eq. of State
2.  Chemistry
3.  Chiral Symmetry
4.  Color screening*
5.  Viscosity
6.  Diffusion Constant*
7.  Jet damping*
8.  Stopping and Thermalization

*will skip



0. Does Matter Equilibrate

I. Local kinetic equilibrium  
— fairly easy to attain 
— strong collective provides strong evidence  

II. Chemical equilibrium  
— more difficult to attain 
— appears to last until 
chemical freeze out,  
T ~ 165 MeV 
— some baryon annihilation 
afterward

P.Braun-Munzinger,K. Redlich, J. Stachel, 2004



MODELING
I. Pre-Equilibrium (0<𝞽<0.6 fm/c) 

parametric forms, parton cascades, Yang-Mills fields…

II. Viscous Hydrodynamics (0.6<𝞽<6 fm/c, T>160 MeV)

III.  Hadronic Cascade

Afterburners: jets, femtoscopic correlations, heavy-quark 
observables, photons, dileptons



Is Hydrodynamics Valid?

∂µT
µν = 0,
Tij = Pδ ij +π ij

d
dτ

π ij

α
⎛
⎝⎜

⎞
⎠⎟
= − 1

τ
π ij −η(∂i v j + ∂ j vi − (2 / 3)∇⋅v)

α
⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

α 2 = ηTs
τ

energy-momentum conservation

viscous correction

relax toward Navier-Stokes

Validity requires:
 within eyesight of N.S.
 all matter moves with one velocity



1a. Discerning the EoS — ⟨pt⟩

1a. pt vs. beam energy or multiplicity (Van Hove 1982)

good signal if 1st order PT



1b. Discerning the EoS
Collective Radial Flow

     More pressure, more flow

〈KEt 〉 = T + 1
2
M vcoll

2

More mass, more ⟨Et⟩
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1. Discerning the EoS — F

1c. Femtoscopic Correlations  
      Determine size shape of f(p,r,t→∞)

SP (
!r ) =

d 3∫ r1d
3r2 f (

!
P / 2, !r1,t) f (

!
P / 2, !r2,t)δ

3(!r − (!r1 −
!r2 ))

d 3∫ r1d
3r2 f (

!
P / 2, !r1,t) f (

!
P / 2, !r2,t)

C(
!
P, !q) = ∫ d 3r φ!q (!r )

2
S !P (
!r )

Measure C(P,q) →extract SP(r)
P/2

Rout

Rlong
Rside



1c. Discerning the EoS — Femtoscopy

For identical bosons,φ!q (
!r )

2
= 1+ cos(2 !q ⋅ !r )

Trickier with strong/Coulomb added

Bose-Einstein correlation results at a glance 
• Corr. func. in 3D, Gaussian fit ⇒ HBT radii (details e.g.: arXiv:1410.2559) 
• Systematics: 

• Beam species 
• Coll. energy 
• Centrality 

PHENIX HBT results 

M. Csanád for PHENIX Zimányi School 2014 11/24 

Transverse momentum scaling of kaons? 
• Transverse momentum scaling approximately conserved 
• Visible differences for the out and long directions 
• Larger differences for central events 
• Kaon emission duration longer? 

PHENIX HBT results Transverse momentum scaling 

M. Csanád for PHENIX Zimányi School 2014 13/24 
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1c. Discerning the EoS — Femtoscopy

 Sensitive to EoS (Rout/Rside)

Lisa et al, 2005



1d. Discerning the EoS — Entropy

S = (2Sα +1)
α
∑ d 3pd 3r

(2π )3
− f ln f ± (1± f )ln(1± f ){ }∫

f = (2π )
3/2

(2S +1)
dN / d 3p

RoutRsideRlong
e− x

2 /2Rout
2 −y2 /2Rside

2 −z2 /2Rlong
2

5
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FIG. 2: The entropy per unit rapidity from lattice calculations
(solid line) is displayed as a function of the ϵ0, the energy den-
sity at τ = 1 fm/c. The horizontal band shows the final-state
entropy extracted from experiment. Hydrodynamic models
typically have energy densities nearing 10 GeV/fm3, which
would push the limit for entropy from the final state.

masses should result into the increase being in the 10-
15% range. For massless particles undergoing a purely
one-dimensional Bjorken expansion, the energy density
would fall as τ−4/3, and dET /dy would change by a fac-
tor of τ−1/3. This would be a factor of 2 for times be-
tween 1 and 8 fm/c. The loss of ET from longitudinal
work is proportional to the πR2

∫

Pdτ in hydrodynamic
models, or πR2Tzzdτ if the stress tensor is non-isotropic,
i.e., viscous effects are included. The effects of viscosity
have been studied within the context of cascade models.
Whereas, one-dimensional hydrodynamic models might
show that dET /dy is higher than that at breakup, the
inclusion of viscosity reduces that increase to the 50%
range [35, 36]. After including the effects of longitudinal
work and longitudinal motion, estimates of the initial
average energy density might be in the range of 7 ± 2
GeV/fm3, depending on the equation of state and the
viscosity.

Of course, the initial entropy is less than the final
state entropy. One expects the entropy to increase dur-
ing the reaction by the order of 10% from viscous effects
or shocks [37]. If one were to lower the final-state esti-
mate of dS/dy by 10% it would come close to the value of
dS/dy predicted by the lattice gauge calculation. A lack
of complete thermalization of the initial state would also
point to a lack of entropy at early times. If the initial
energy was stored in classical gluon fields [38], the en-
tropy would be negligible. An underpopulation of quark
degrees of freedom would also lower the entropy. Since
flavor and color charges cannot sample the entire volume,
finite-size effects can also reduce the initial entropy, but
only by a few percent [39, 40]. Since the amount of en-
tropy produced during the expansion is unknown, it is

impossible to rule out that the initial state might have
been of lower entropy.

Thus, our estimate of the final-state entropy, dS/dy =
4451, does not seem inconsistent with expectations from
lattice calculations from analyzing Fig. 2. It therefore
seems puzzling that hydrodynamic calculations based on
lattice-inspired equations of state matched spectra and
failed to fit HBT sizes [9, 10, 11, 12]. An overestimate
of a factor of two in R3

inv would suggest an overestimate
of the entropy of the order of ln(2) per pion, or ∼ 400
units per rapidity. However, it appears from the data
that other degrees of freedom, especially the baryonic
degrees of freedom, compensate for the lack of entropy
in the pions. Although the pions comprise two thirds
of the final-state particles, they provide less than half
the final-state entropy. The shift of entropy from pions
to the (anti)baryon sector was discussed by Rapp and
Shuryak [41] as a natural consequence of an increased
phase space density of pions. This follows from the reac-
tion pp ↔ Nπ. Since pion number population is difficult
to maintain, the overpopulation of pions was expected
in an isentropic expansion [42]. An additional factor in
increasing the overpopulation of pions would be a low-
ering of hadronic masses associated with chiral symme-
try restoration [43]. A lowering of hadron masses would
lead to an increase in the population of heavier hadrons,
many of which would decay back to multiple pions after
the normal QCD vacuum is restored [44].

It should be stressed that the small pionic sources ex-
tracted from HBT remain a puzzle. Since the overall en-
tropy of the final state is consistent with the lattice gauge
theory, the possibility remains open that a quark-gluon
plasma is indeed created at RHIC but that the dynam-
ics of the expansion and decoupling somehow differ from
current hydrodynamic descriptions [45, 46].

To illustrate the sensitivity of the entropy to the num-
ber of degrees of freedom, Fig. 2 also displays dS/dy for
a pion gas. Since the pion gas has only three effective
degrees of freedom, it has a much higher temperature
for a given energy density than does the lattice equa-
tion of state. From Eq. 1, it therefore has a lower en-
tropy when compared at the same energy density. At
high temperatures, a hadron gas would effectively incor-
porate more degrees of freedom, and for energy densities
near or above 10 GeV/fm3 would have more effective
degrees of freedom than a plasma due to the extremely
large number of baryonic resonances with masses between
1.0 and 2.0 GeV. However, since the volume of a baryon
is in the neighborhood of 2 fm3, energy densities above
0.5 GeV/fm3 preclude a serious description in terms of a
non-interacting hadron gas.

In conclusion, we have calculated the final-state en-
tropy from 130A GeV Au+Au collisions at RHIC to be
dS/dy = 4451. We estimate that this number, which is
based solely on measured spectra and extracted source-
size radii of the principal final-state constituents, to have

S.Pal and SP, 2005



5. Viscosity — Elliptic Flow

Participants

Spectators

Spectators

φ

dN
dφ

= N0 (1+ 2v2 cos(2φ))

v2 = cos(2φ)

No collisions (no viscosity) ➔ No v2



5. Viscosity — Elliptic Flow

3

algorithm agrees with the results from Ref. [19] for cen-
tral collisions, when dropping the extra terms in Eq. (2).
Also, our code passes the fluctuation test from Ref. [16],
shown in Fig. 1. We thus have some confidence that our
numerical algorithm solves Eq. (2) correctly.

When solving the set of equations (2), we set the ratio
η/s to be constant throughout the evolution of the sys-
tem, since modeling any space-time dependence would
necessarily introduce more unknown parameters. There-
fore, results on η/s quoted below should be considered
as mean values over the entire system evolution.

To make contact with experiment, the hydrodynamic
variables are translated into particle spectra via the
Cooper-Frye freeze-out mechanism [20] (adapted to VH
[8, 16], see also [17]). For simplicity, we use a single
freeze-out temperature Tf but include the effect of res-
onance decays with masses up to 2 GeV on the spectra
[21, 22]. The normalization of the initial energy den-
sity and Tf are chosen such that the experimental data
on total multiplicity and mean transverse momentum
< pT > as a function of total number of participants
NPart =

∫

d2x⊥nPart(x⊥,b) are reasonably reproduced
by our model (see Fig. 2). We choose to fit to kaons
rather than pions because the former are influenced less
by Bose enhancement effects, which we have ignored [19].
Note that for simplicity our model does not include a
finite baryon chemical potential, prohibiting us to dis-
tinguish particles from anti-particles. As a consequence,
results for protons cannot be expected to match exper-
imental data. Starting from ideal hydrodynamics with
a freeze-out temperature Tf = 150 MeV, we have found
that reasonable fits to dN/dy and < pT > for VH can
be accomplished by keeping Tf fixed and reducing the
initial entropy density by 75 η/s percent to correct for
the viscous entropy production [19].

In Fig. 3 we compare our hydrodynamic model with
the above fit parameters to experimental data on the in-
tegrated and minimum bias elliptic flow v2, respectively.
Shown are results for ideal hydrodynamics and VH for
the initial condition ϵ ∼ nColl at an initial time τ0 = 1
fm/c. The results hardly change when assuming instead
s ∼ nPart as initial condition (see also [14]) or varying τ0

by a factor of two. Interestingly, we also find that chang-
ing τΠ hardly affects the results shown. Note that this
depends on the presence of the terms in the last line of
Eq. (2): if these terms are dropped, increasing τΠ tends
to further suppress v2 in line with the trend found in [19].

For the above initial conditions, we have noted that
there is also hardly any effect from the vorticity term.
This can be understood as follows: noting that for uη = 0
the only non-trivial vorticity is ωxy, which vanishes ini-
tially because of ux = uy = 0 and forming the com-
bination ∇xDuy − ∇yDux we find –up to third order
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FIG. 3: PHOBOS [24] data on pT integrated v2 and STAR
[25] data on minimum bias v2, for charged particles in Au+Au
collisions at

√
s = 200 GeV, compared to our hydrodynamic

model for various viscosity ratios η/s. Error bars for PHO-
BOS data show 90% confidence level systematic errors while
for STAR only statistical errors are shown.

corrections–

Dωxy + ωxy

[

∇µuµ +
Dp

ϵ + p
−

Duτ

uτ

]

= O(Π3). (3)

This is the relativistic generalization of the vorticity
equation, well known in atmospheric sciences [26]. Start-
ing from ωxy = 0, Eq. (3) implies a very slow buildup of
vorticity, explaining the tiny overall effect of the vorticity
term in Eq. (2). Note that upon dropping the assumption
uη = 0, this term can become important [27].

From Fig. 3 it can be seen that the effect from viscos-
ity on the elliptic flow is strong, in line with estimates
from Ref. [17]. Data on integrated v2 is fairly well re-
produced by a viscosity of η/s ∼ 0.08 and – within sys-
tematic errors – seems to be consistent with η/s ∼ 0.16.

P.Romatshke & U.Romtschke, PRL 2007

In 2007 viscosity appeared anomalously low



2. Chemistry

Goal: Determine χab=⟨QaQb⟩/V
Challenge: CHARGE DOESN’T FLUCTUATE IN FINITE SYSTEM!

gab (Δηs ) = 〈ρa (0)ρb (Δηs )〉, 〈ρa 〉 = 0

= χab δ (Δη)− 1
(2πσ 2 )1/2

e−Δη
2 /2σ 2⎛

⎝⎜
⎞
⎠⎟integrates to zero

R increases over time



2. Chemistry

σ1

Must integrate to zero

gab(Δη)



2. Chemistry

σ1
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Lattice (BW Collab)

σ2

gab(Δη)

~χab

∝ χab
final − χab

QGP

Δηs

∝ χab
QGP



2. Chemistry

gab causes correlations in hadrons

δnα = 〈nα 〉 qα ,a
b
∑ χab

final,−1δρb

gab (Δηs )→Gαβ (Δηs ) ≡ 〈(nα (0)− nα (0))(nβ (Δηs )− nβ (Δηs ))〉

+collective flow & thermal motion

→ Bαβ (Δy) ≡
Gαβ (Δy)
〈nα 〉

measured



2. Chemistry — Charge 
Balance Functions

Bαβ (Δy) ≡
〈(nα (0)− nα (0))(nβ (Δy)− nβ (Δy))〉

〈nα + nα 〉

Fits best with σ1~1.0, σ2~0.2
χ1~χ from lattice!!!
Can’t fit with “one-wave” STAR PRELIMINARY

Two-Wave Model



3. Chiral Symmetry

For 160 < T < 200, chiral symmetry with hadrons
Hadron mass evolution is not understood
 Do hadrons become light? Mhadron ~ ⟨σ⟩ 
  OR
 Do masses merge? e.g. Ma2 → Mρ

Difficult due to limited decays during window and collision 
broadening. STAR and PHENIX disagree. 

NEAR FUTURE: Experimental results should be clarified 
(PHENIX HBD)



8. Stopping and Thermalization

Microscopic approaches:
 CGC based on classical Yang-Mills Fields
 Parton cascades

New focus driven by new data
 Fluctuations: v3, v4, …
 Distributions of v2
 pA collisions
 Looking away from mid rapidity
 Long-range rapidity correlations 



8. Stopping and Thermalization (Fluctuations)
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Figure 2: Scaled distributions of v2, v3 and v4 as well as ε2, ε3 and ε4 compared to experimental data from the ATLAS
collaboration [20, 21]. Using 750 (0-5%) and 1300 (20-25%) events. Bands are systematic experimental errors.
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where ta are the generators of SU(Nc) in the fundamental
representation (The cell index j is omitted here). The
N2

c −1 equations (4) are highly non-linear and for Nc = 3
are solved iteratively.
The total energy density on the lattice at τ = 0 is given

by

ε(τ = 0) =
2

g2a4
(Nc − Re trU!) +

1

g2a4
trE2

η , (5)

where the first term is the longitudinal magnetic energy,
with the plaquette given by U j

!
= Ux

j Uy
j+x̂ U

x†
j+ŷ U

y†
j .

The explicit lattice expression for the longitudinal elec-
tric field in the second term can be found in Refs. [32, 34].
We note that the boost-invariant CYM framework ne-
glects fluctuations in the rapidity direction. Anisotropic
flow at mid-rapdity is dominated by fluctuations in the
transverse plane but fluctuations in rapidity could have
an effect on the dissipative evolution; the framework to
describe these effects has been developed [35] and will
be addressed in future work. Other rapidity dependent
initial conditions are discussed in Ref. [36].
In Fig. 1 we show the event-by-event fluctuation in

the initial energy per unit rapidity. The mean was ad-
justed to reproduce particle multiplicities after hydro-
dynamic evolution. This and all following results are for
Au+Au collisions at RHIC energies (

√
s = 200AGeV) at

midrapidity. The best fit is given by a negative binomial
(NBD) distribution, as predicted in the Glasma flux tube
framework [37]; our result adds further confirmation to a
previous non-perturbative study [38]. The fact that the
Glasma NBD distribution fits p+p multiplicity distribu-
tions over RHIC and LHC energies [24] lends confidence
that our picture includes fluctuations properly.
We now show the energy density distribution in the

transverse plane in Fig. 2. We compare to the MC-KLN
model and to an MC-Glauber model that was tuned to
reproduce experimental data [4, 8]. In the latter, for ev-
ery participant nucleon, a Gaussian distributed energy
density is added. Its parameters are the same for ev-
ery nucleon in every event, with the width chosen to be
0.4 fm to best describe anisotropic flow data. We will
also present results for a model where the same Gaus-
sians are assigned to each binary collision. The resulting
initial energy densities differ significantly. In particular,
fluctuations in the IP-Glasma occur on the length-scale
Q−1

s (x⊥), leading to finer structures in the initial energy
density relative to the other models. As noted in [25],
this feature of CGC physics is missing in the MC-KLN
model.
We next determine the participant ellipticity ε2 and

triangularity ε3 of all models. Final flow of hadrons vn is
to good approximation proportional to the respective εn
[39], which makes these eccentricities a good indicator of
what to expect for vn. We define

εn =

√

⟨rn cos(nφ)⟩2 + ⟨rn sin(nφ)⟩2
⟨rn⟩

, (6)

FIG. 2. (Color online) Initial energy density (arbitrary units)
in the transverse plane in three different heavy-ion collision
events: from top to bottom, IP-Glasma, MC-KLN and MC-
Glauber [8] models.

where ⟨·⟩ is the energy density weighted average. The re-
sults from averages over ∼ 600 events for each point plot-
ted are shown in Fig. 3. The ellipticity is largest in the
MC-KLN model and smallest in the MC-Glauber model
with participant scaling of the energy density (Npart).
The result of the present calculation lies in between,
agreeing well with the MC-Glauber model using binary
collision scaling (Nbinary). We note however that this
agreement is accidental; binary collision scaling of eccen-
tricities, as shown explicitly in a previous work applying
average CYM initial conditions [40], does not imply bi-
nary collision scaling of multiplicities.
The triangularities are very similar, with the MC-KLN

result being below the other models for most impact pa-
rameters. Again, the present calculation is closest to the
MC-Glauber model with binary collision scaling. There
is no parameter dependence of eccentricities and trian-
gularities in the IP-Glasma results shown in Fig. 3. It
is reassuring that both are close to those from the MC-
Glauber model because the latter is tuned to reproduce
data even though it does not have dynamical QCD fluc-
tuations.
We have checked that our results for ε2, ε3 are insensi-

IP-Glasma

MC-KLN

MC-Glauber

IP-Glasma



1. EoS at Finite Baryon Density

First-order phase transition and critical point?
 no evidence in neutron star observations or heavy ion physics
 fluctuations may be ephemeral
 requires great care in comparing theory to experiment


